Free-space quantum communication
The entangled photon pair is sent through the atmosphere and measured at the receiver. C n is the structure constant; λ is wavelength and z is propagation distance a
Laguerre-Gauss (LG) modes
General solutions of the paraxial wave equation in normalized polar coordinates:
Orbital angular momentum (OAM) per photon = ℓ . 
Weak scintillation limit
Consider scintillation strength vs normalized propagation distance Rytov variance: 
Infinitesimal propagation (MPS approach)
Multiple phase screen (MPS) approach:
Using paraxial wave equation in an inhomogenous medium:
In the (2D transverse spatial) Fourier domain: 
Infinitesimal propagation equation
Expand to second order in fluctuations and evaluate ensemble average, using Markov approximation [N (a, z) is delta-correlated in z].
Infinitesimal propagation equation for a single photon: 
Photon pairs (entanglement)
Infinitesimal propagation equation for photon pairs: a 2 , a 3 , a 4 , z) = iπλρ(a 1 , a 2 , a 3 , a 4 , z) a 2 , a 3 , a 4 , z) -photon pair density 'matrix' in plane wave basis Density operator:
a 1 and a 2 -spatial frequencies for photon A a 3 and a 4 -spatial frequencies for photon B Solving the IPE -without truncation 1. Remove free-space term (quadratic phase factor):
2. Redefine coordinates i.t.o. sums and differences: a 1,2 = a s ± a d /2 so that:
3. Inverse Fourier transform w.r.t. sum coordinates:
Resulting (single photon) equation:
where:
Consider Q-integral:
(2π-factor due to use of spatial frequency)
Hence,
Quadratic structure function
Hard to evaluate integrals with power of 5/3.
Quadratic structure function approximation: 5/3 → 2 (but beware of anomalous dimension)
The result after z-integration:
where Θ = λ/πw 0 -beam divergence angle w 0 -beam radius
Single photon state
Convert back to original variables
Evolving (single photon) state: LG mode generating function Represent angular spectra of LG modes i.t.o. generating function:
where (η, µ) are generating parameters for (p, ℓ), and
To generate a particular LG mode's angular spectrum:
where
Power fraction in LG basis: SPS vs MPS
Power fraction s ∆ = |η(t)| 2 is square of coupling coefficient:
Single phase screen approach compared with multiple phase screen approach (κ = 0.344K 0 ; input ℓ = 1): 
OAM scattering: partial coherence
To consider an input state that is only partially coherent, we modify the input state as follows: 
